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Generating functions

“A generating function is a clothesline on which we hang up a
sequence of numbers for display.”
— Generatingfunctionology, H. S. Wilf

Definition: For any sequence {ak}k>0 = a0, a1, a2, a3, . - .,
its generating function is the formal power series

A( ) = a()X + 81X + 32X + a3x Z akx
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Generating functions

“A generating function is a clothesline on which we hang up a
sequence of numbers for display.”
— Generatingfunctionology, H. S. Wilf

Definition: For any sequence {ax}k>0 = a0, a1, a2, a3, . - .,
its generating function is the formal power series

A( )—agx +81X +82X +a3x Zakx .

Example. Let f, be the Fibonacci numbers starting fo = f; = 1. Then

:kaxk:1+1x1+2x2+3x3+5x4+8x5+13x6+21x7+~-~
k>0

This expression sometimes simplifies. For the Fibonacci numbers,
F(x)=1/(1-x—x?).

We will call this the compact form of the generating function.
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Why Generating Functions?

We will use generating functions to:
» Find an exact formula for the terms of a sequence.
» Prove identities involving sequences.
» Understand partitions of integers.

» Use algebra to solve combinatorial problems.
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Why Generating Functions?

We will use generating functions to:
» Find an exact formula for the terms of a sequence.
» Prove identities involving sequences.
» Understand partitions of integers.
» Use algebra to solve combinatorial problems.

Others use generating functions to:

» Use complex analysis to solve combinatorial problems.

» Understand the asymptotics of a sequence.
» Find averages and statistical properties.

» Understand something about a sequence.

70
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Generating function example: Basketball

Example. In how many ways can a team score a total of six points
in basketball? (Recall that a shot is worth either 1, 2, or 3 points.)
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Generating function example: Basketball

(unordered) ) _
Example. In how many ways can a team score a total of six points

in basketball? (Recall that a shot is worth either 1, 2, or 3 points.)

Solution. This is a partition of 6 into parts of size at most 3, so 7:

3+3 3+2+1 3+1+1+1 24+2+2
2+2+1+1 24+1+14+1+4+1 1+14+14+1+1+1
What about 98 points?
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Generating function example: Basketball

(unordered)
Example. In how many ways can a team score a total of six points

in basketball? (Recall that a shot is worth either 1, 2, or 3 points.)
Solution. This is a partition of 6 into parts of size at most 3, so 7:

3+3 3+2+1 3+1+1+1 24+2+2
2+2+1+1 24+1+14+1+4+1 1+14+14+1+1+1
What about 98 points?

Generating functions will help us keep track of the possibilities.

We'll first reanalyze the question of scoring six points and then
generalize to larger numbers.
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Generating function example: Basketball

(unordered)
Example. In how many ways can a team score a total of six points

in basketball? (Recall that a shot is worth either 1, 2, or 3 points.)
Solution. This is a partition of 6 into parts of size at most 3, so 7:

3+3 3+2+1 3+1+1+1 24+2+2
2+2+1+1 24+1+14+1+4+1 1+14+14+1+1+1
What about 98 points?

Generating functions will help us keep track of the possibilities.

We'll first reanalyze the question of scoring six points and then
generalize to larger numbers.

To start, break down the possible ways of getting six points total
into one-point, two-point, and three-point shots.
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Generating function example: Basketball

How many points could be scored using one-point shots?
O pts or 1 pt or 2 pts or 3 pts or 4 pts or 5 pts or 6 pts
X+ X+ X2+ 3+ X+ x5+ X
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Generating function example: Basketball

How many points could be scored using one-point shots?

O pts or 1 pt or 2 pts or 3 pts or 4 pts or 5 pts or 6 pts
XX+ X+ 2+ 3+ X+ xS+ X

How many points could be scored using two-point shots?
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Generating function example: Basketball

How many points could be scored using one-point shots?

O pts or 1 pt or 2 pts or 3 pts or 4 pts or 5 pts or 6 pts
XX+ X+ 2+ 3+ X+ xS+ X

How many points could be scored using two-point shots?

How many points could be scored using three-point shots?

Multiply these algebraic expressions together:
14 x4 2x2 4+ 3x3 +4x* +5x° + 7x% + 7x7 + 8x% 4+ 8x%+
and find the coefficient of the x% term.
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Generating function example: Basketball

How many points could be scored using one-point shots?

O pts or 1 pt or 2 pts or 3 pts or 4 pts or 5 pts or 6 pts
XX+ X+ X2+ X3+ X+ x4+ xO

How many points could be scored using two-point shots?
How many points could be scored using three-point shots?

Multiply these algebraic expressions together:
14 x4+ 2x2 +3x3 + 4x* +5x° + 7x0 + 7x7 + 8x% 4+ 8x94
and find the coefficient of the x% term.

Why does this work? A score a from 1-pt, b from 2-pt, ¢ from 3-pt,
gives a term in the product of x?xPx¢ = x@+b+<_ Collecting like terms
makes the coefficient of x¥ the number of ways to score k points. (x'°7)
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Generating function example: Basketball

To take into account all ways to score 98 points, include more terms:
One-point shots: 1+ x + x? + -+ —
Two-point shots: 1+ x4+ x*+---+ _
Three-point shots: 1+ x3 + x® + .-+ —
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Generating function example: Basketball

To take into account all ways to score 98 points, include more terms:
One-point shots: 1+ x4+ x2+---+ =

Two-point shots: 1+ x% + x* + -4

Three-point shots: 1+ x3 +x% + .-+ =

Conclusion: The generating function for the number of ways to
score any number of points in basketball is

1
)= Ty
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To take into account all ways to score 98 points, include more terms:
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Two-point shots: 1+ x% + x* + -4

Three-point shots: 1+ x3 +x% + .-+ =

Conclusion: The generating function for the number of ways to
score any number of points in basketball is

1
)= Ty

To use this expression, we need to extract the coefficients of b(x).
In other words, compute the Taylor expansion of b(x) about x = 0.
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Generating function example: Basketball
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To use this expression, we need to extract the coefficients of b(x).
In other words, compute the Taylor expansion of b(x) about x = 0.

» Do direct series manipulations.
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Generating function example: Basketball

To take into account all ways to score 98 points, include more terms:
One-point shots: 1+ x4+ x2+---+ =

Two-point shots: 1+ x% + x* + -4

Three-point shots: 1+ x3 +x% + .-+ =

Conclusion: The generating function for the number of ways to
score any number of points in basketball is

1
)= Ty

To use this expression, we need to extract the coefficients of b(x).
In other words, compute the Taylor expansion of b(x) about x = 0.

» Do direct series manipulations.
» Use a computer! SAGE, Mathematica, Maple, Matlab, etc.

Notation: [xX]f(x) is the coefficient of x* in the expansion of the
generating function f(x). Example. [x%8]b(x) = 850.
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Example: Fruit baskets

Example. In how many ways we can create a fruit basket with n
pieces of fruit, where we have an infinite supply of apples and
bananas, with the added constraints:
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Example: Fruit baskets

Example. In how many ways we can create a fruit basket with n
pieces of fruit, where we have an infinite supply of apples and
bananas, with the added constraints:

» The number of apples is even.
» The number of bananas is a multiple of five.
» The number of oranges is at most four.

» The number of pears is zero or one.
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Example: Fruit baskets

Example. In how many ways we can create a fruit basket with n
pieces of fruit, where we have an infinite supply of apples and
bananas, with the added constraints:

» The number of apples is even.
» The number of bananas is a multiple of five.
» The number of oranges is at most four.

» The number of pears is zero or one.

Strategy. Write down a power series for each piece of fruit,
multiply them together, and extract the coefficient of x*.

74
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Key series

o Use these key series to collapse sums to compact forms or extract coefficients. o

1
T2

k>0
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Key series

o Use these key series to collapse sums to compact forms or extract coefficients. o

1 1 1
mzZXk 1—CX:ZCka 1+XZZ(_1)ka

k>0 k>0 k>0




Important generating function manipulations

Key series

75

o Use these key series to collapse sums to compact forms or extract coefficients. o

1 B P 1 B Kk 1 B
1—X_ZX 1—CX_ZCX 1+x
k>0 k>0

(1)t
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Key series

o Use these key series to collapse sums to compact forms or extract coefficients. o

1 1 1
mzZXk 1—CX:ZCka 1+XZZ(_1)ka

k>0 k>0 k>0

wor-2(@ )

k>0
(14 x)(1+x)---(1+x) A+x+x2+-)(I4+x+x2+--1)
1 2 n 1 n




Important generating function manipulations
Manipulations on A(x) = >~ . akx

Example. Find the coefficient of x° in m.
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Example. Find the coefficient of x° in m.

Question: Let A(x) = xPB(x). How can we simplify [x¥](A(x))?
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Manipulations on A(x) = >~ akx"

Example. Find the coefficient of x° in m.

Question: Let A(x) = xPB(x). How can we simplify [x¥](A(x))?

10 x* x’
Example. Calculate [x ](1+2X + : +X>,
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Manipulations on A(x) = >~ akx"

Example. Find the coefficient of x° in m-

Question: Let A(x) = xPB(x). How can we simplify [x¥](A(x))?

4 7
Example. Calculate [x0] (1 o T 1X+X>

Question: Practice re-indexing:

k
Zak 1X Zaka =

k>1 k>0
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Manipulations on A(x) = >~ akx"

Example. Find the coefficient of x° in m-

Question: Let A(x) = xPB(x). How can we simplify [x¥](A(x))?

4 7
Example. Calculate [x0] (1 o T 1X+X>

Question: Practice re-indexing:

k
Zak 1X Zaka =

k>1 k>0

Example. Find the compact form of Zkzz(—3)k_2xk.



Important generating function manipulations

Memories of calculus. . .

With formal power series, we interchange derivatives, integrals, sums.

Xxkdx: . xK dx
> [xta= 3
0 0

k>0 k>0

d o d
i) DL
k>0 k>0
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Memories of calculus. . .

With formal power series, we interchange derivatives, integrals, sums.
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i) DL
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Memories of calculus. . .

With formal power series, we interchange derivatives, integrals, sums.
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Memories of calculus. . .

With formal power series, we interchange derivatives, integrals, sums.

Xk+1 Xk X k X 1
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k>0 k>0 k>0

_ d d
kak 1_ &Xk:azxk

k>0 k>0 k>0




Important generating function manipulations 77

Memories of calculus. . .

With formal power series, we interchange derivatives, integrals, sums.

Xk+1 Xk X k X 1
Zk+1:2/ox dx:/ Zx dx:/0 ﬁdx:—|n|1—x|

k>0 k>0 0 x>0

d d d 1 1
k k=1 _ k _ k _ —
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Memories of calculus. . .

With formal power series, we interchange derivatives, integrals, sums.

Xk+1 Xk X k X 1
Zk+1:2/ox dx:/ Zx dx:/0 ﬁdx:—|n|1—x|

k>0 k>0 0 k>0
d d d 1 1
k k=1 _ ok 2 k __ 2 —
Z X dx dxzx dx1—x (1—x)?
k>0 k>0 k>0
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Memories of calculus. . .

With formal power series, we interchange derivatives, integrals, sums.

Zk+1 Z/x dx—/0 Zx dx= T—x x=—In|1 — x|
k>0 k>0 k>0
1

k k=1 _ k
Z X dX dxz dxl—x (1—X)2
k>0 k>0
>t -
k>0

d

If A(x Zakx thean )akx —p( dx>(A(x))

k>0 k>0
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