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Abstract. We investigate the least common multiple of all subdeterminants,lcmd(A⊗B), of a Kronecker product of
matrices, of which one is an integral matrixA with two columns and the other is the incidence matrix of a complete
graph. We prove that this quantity is the least common multiple of lcmd(A) to the powern−1 and certain binomials
in the entries ofA.

Résuḿe. Nous examinons le plus petit commun multiple de tous les sous-déterminants,lcmd(A ⊗ B), d’un produit
de Kronecker de matrices. L’une des matrices,A, est à entrées entières à deux colonnes et l’autre est lamatrice
d’incidence d’un graphe complet. Nous prouvons que lelcmd(A ⊗ B) est égale au plus petit commun multiple du
lcmd(A) à la puissancen − 1 et de certains binômes des coefficients deA.

Keywords: Kronecker product, determinant, least common multiple, incidence matrix of complete graph, matrix
minor

In a study of non-attacking placements of chess pieces, Chaiken, Hanusa, and Zaslavsky [1] were led
to a quasipolynomial formula that depends in part on the least common multiple of the determinants of all
square submatrices of a certain Kronecker product matrix, namely, the Kronecker product of an integral
m × 2 matrix with the incidence matrix of a complete graph. We givea concise expression for the least
common multiple of the subdeterminants of this product matrix.

For matricesA = (aij)m×k andB = (bij)n×l, the Kronecker productA ⊗ B is defined to be the
mn × kl block matrix







a11B · · · a1kB
...

. . .
...

am1B · · · amkB






.

It is known (see [2], for example) that whenA andB are square matrices of ordersm andn, respectively,
thendet(A ⊗ B) = det(A)n det(B)m. The quantity we want to compute islcmd(A ⊗ B), where for
an integer matrixM , the notationlcmd(M) denotes the least common multiple of the determinants of all
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square submatrices. This is a much stronger question, as thematricesA andB are most likely not square
and the result depends on all square submatrices of their Kronecker product.

We are interested in the case whereA is an integralm × 2 matrix andB is the incidence matrix of
a complete graph onn vertices. (Their Kronecker product has ordermn × 2

(

n
2

)

.) For a simple graph
G = (V, E), the incidence matrixD(G) is a |V | × |E| matrix with a row corresponding to each vertex
in V and a column corresponding to each edge inE. For a column that corresponds to an edgee = vw,
there are exactly two non-zero entries: one+1 and one−1 in the rows corresponding tov andw. The
sign assignment is arbitrary.

We concern ourselves with the complete graphKn, the graph onn verticesv1, . . . , vn with an edge
between every pair of vertices. As an example, one of the manyincidence matrices forK4 is the4 × 6
matrix

D(K4) =









1 1 1 0 0 0
−1 0 0 1 1 0
0 −1 0 −1 0 1
0 0 −1 0 −1 −1









;

the Kronecker product

(

a11 a12

a21 a22

)

⊗ D(K4) is

























a11 a11 a11 0 0 0 a12 a12 a12 0 0 0
−a11 0 0 a11 a11 0 −a12 0 0 a12 a12 0

0 −a11 0 −a11 0 a11 0 −a12 0 −a12 0 a12

0 0 −a11 0 −a11 −a11 0 0 −a12 0 −a12 −a12

a21 a21 a21 0 0 0 a22 a22 a22 0 0 0
−a21 0 0 a21 a21 0 −a22 0 0 a22 a22 0

0 −a21 0 −a21 0 a21 0 −a22 0 −a22 0 a22

0 0 −a21 0 −a21 −a21 0 0 −a22 0 −a22 −a22

























.

We now introduce our main result after some notation.

Let A = (aij) be anm × 2 matrix; this makesA ⊗ D(Kn) anmn × n(n − 1) matrix with non-zero
entries±aij . We introduce new notation for some matrices that will arisenaturally in our theorem. For

i, j ∈ [m] := {1, 2, . . . , m}, we writeAi,j to represent

(

ai1 ai2

aj1 aj2

)

. If I is a multisubset of[m], we

defineaIk to be the product
∏

i∈I aik. If I andJ are multisubsets of[m], we defineAI,J to be the matrix
(

aI1 aI2

aJ1 aJ2

)

. In this notation,

lcmd A = lcm
(

LCM
i,k

aik, LCM
i,j

detAi,j
)

,

whereLCM denotes the least common multiple of non-zero quantities taken over all indicated pairs of
indices.

Theorem 1 LetA be anm× 2 matrix, not identically zero, andn ≥ 1. The least common multiple of all
square minor determinants ofA ⊗ D(Kn) is

lcmd
(

A ⊗ D(Kn)
)

= lcm

(

(lcmd A)n−1, LCM
K

(

∏

(Is,Js)∈K

det AIs,Js

))

, (1)



Determinants in the Kronecker product of matrices 3

whereLCM denotes the least common multiple of non-zero quantities taken over all collectionsK =
{(Is, Js)}) of pairs of multisubsetsIs andJs of [m] satisfying|Is| = |Js| andIs ∩ Js = ∅ for all s and
2

∑

|Is| ≤ n.

It is only necessary to take theLCM component over all maximal collectionsK, that is, collectionsK
satisfying

∑

|Is| = ⌊n/2⌋.

Proof: Consider anl × l submatrixN of A ⊗ D(Kn). We wish to determine the determinant ofN
and show that it divides the right-hand side of Equation (1).We need consider only matricesN whose
determinant is not zero, since a matrix withdetN = 0 has no effect on the least common multiple.

SinceD(Kn) is constructed from a graph, we will analyzeN from a graphic perspective. The matrix
N is a choice ofl rows andl columns fromA ⊗ D(Kn). This corresponds to a choice ofl vertices and
l edges fromKn where we are allowed to choose up tom copies of each vertex and up to two copies of
an edge. Another way to say this is that we are choosingm subsets ofV (Kn), sayV1 throughVm, and
two subsets ofE(Kn), sayE1 andE2, with the property that

∑m
i=1 |Vi| =

∑2
k=1 |Vk| = l. From this

point of view, if a row inN is taken from the firstn rows ofA ⊗ D(Kn), this is thought of as placing
the corresponding vertex ofV (Kn) in V1, and so on, up through a row inN from the lastn rows of
A ⊗ D(Kn) corresponding to a vertex inVm. We will say that the copy ofv in Vi is theith copy ofv and
the copy ofe in Ek is thekth copy ofe.

Under this framework, we will now perform elementary matrixoperations onN in order to make its
determinant easier to calculate. We call the resulting matrix the simplified matrix ofN . Each copy of
a vertexv has a row inN associated with it; two rows corresponding to two copies of the same vertex
contain the same entries except for the different multipliers aik. For example, ifv is a vertex in both
V1 andV2, then there is a row corresponding to the first copy with multipliers a11 anda12 and a row
corresponding to the second copy with the same entries multiplied bya21 anda22.

In the case when there is a vertex in exactly two vertex setsVi andVj corresponding to two rowsRi

andRj in N , we perform the following operations depending on the multipliersai1, ai2, aj1, andaj2. We
first notice thatdetAi,j = ai1aj2 − ai2aj1 is non-zero; otherwise, the rowsRi andRj would be linearly
dependent inN anddetN = 0. Therefore either bothai1 andaj2 or ai2 andaj1 are non-zero. In the
former case, let us add−aj1/ai1 timesRi to Rj in order to zero out the entries corresponding to edges in
E1. The multipliers of entries inRj corresponding to edges inE2 are now alldetAi,j/ai1. Similarly, we
can zero out the entries inRi corresponding to edges inE2. Lastly, factor outdetAi,j/aj2ai1 from Rj .
If on the other hand, either multiplierai1 or aj2 is zero, then reverse the roles ori andj in the preceding
argument. There cannot be a vertex in three or more vertex sets since then the corresponding rows ofN
would be linearly dependent anddetN would be zero. The above manipulations ensure that the multiplier
of every non-zero entry inN that corresponds to anith vertex and akth edge isaik.

We assert that the simplified matrix ofN has no more that two non-zero entries in any column. For a
columne corresponding to an edgee = vw in Kn, each ofv andw is either in one vertex setVi or in
two vertex setsVi andVj . If the vertex corresponds to two rows inN , the above manipulations ensure
that there is only one copy of the vertex that has a non-zero multiplier in the column. Another important
quality of this simplification is that if a vertex is in more than one vertex set, then every edge incident with
once instance of this repeated vertex is now in the same edge set.

Since we are assumingdetN 6= 0, N has at least one non-zero entry in each column or row. If a row
(or column) has exactly one non-zero entry, we can reduce thedeterminant by expanding in that row (or
column). This contributes that non-zero entry as a factor inthe determinant. After reducing repeatedly
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C

eq
vq+1vq

Fig. 1: An edgeeq = vqvq+1 in the cycleC generated by blockB. Whenvq ∈ Vi, vq+1 ∈ Vj , andeq ∈ Ek, the
contributionsyq andzq to detB areaik andajk, respectively.

in this way, we arrive at a matrix where each column has exactly two non-zero entries, and each row has
at least two non-zero entries. This implies that every row has exactly two non-zero entries as well. After
interchanging the necessary columns and rows and possibly multiplying columns by−1, the structure of
what we will call thereduced matrix ofN is a block diagonal matrix where each blockB is a weighted
incidence matrix of a cycle, such as

















y1 0 0 0 0 −z6

−z1 y2 0 0 0 0
0 −z2 y3 0 0 0
0 0 −z3 y4 0 0
0 0 0 −z4 y5 0
0 0 0 0 −z5 y6

















.

The determinant of ap × p matrix of this type isy1 · · · yp − z1 · · · zp. Therefore, we can write the
determinant ofN as the product of powers of entries ofA, powers ofdetAi,j , and binomials of this form.

In our situation, the entriesyq andzq are the variablesaik, depending on in which vertex sets the rows lie
and in which edge sets the columns lie. If the vertices ofKn corresponding to the rows inB are labeledv1

throughvp, this block of the block matrix corresponds to traversing the closed walkC = v1v2 . . . vpv1 in
Kn (in this direction). As a result of the form of the simplified matrix ofN , for a column that corresponds
to an edgeeq = vqvq+1 in Ek traversed from the vertexvq in vertex setVi to the vertexvq+1 in vertex
setVj , the entryyq is aik and the entryzq is ajk. (See Figure 1.) Therefore each blockB in the block
diagonal matrix contributes

detB =
∏

e=vqvq+1∈C
e∈Ek,vq∈Vi

aik −
∏

e=vqvq+1∈C
e∈Ek,vq+1∈Vj

ajk (2)

for some closed walkC in G.
We can simplify this expression by analyzing what exactly the aik andajk are. Suppose that two

adjacent edgeseq−1 andeq in C are in the same edge setEk, and suppose that the vertexvq that these
edges share is inVi. (See Figure 2.) In this case, both entrieszq−1 andyq areaik, which can then be
factored out of each product in Equation (2). A particular case to mention is when the cycleC contains a
vertex that has multiple copies inN (not necessarily both inC). In this case, the edges ofC incident with
this repeated vertex are both from the same edge set, as mentioned earlier. After factoring out a multiplier
for each pair of adjacent edges in the same edge set, all that remains inside the products in Equation (2)
are the contributions of multipliers from vertices where the incident edges are from different edge sets.
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eq

C

vq

eq−1

Fig. 2: Two adjacent edgeseq−1 andeq, both incident with vertexvq in the cycleC generated by blockB. When
both edges are members of the same edge setEk andvq is a member ofVi, the contributionszq−1 andyq are both
aik, allowing this multiplier to be factored out of Equation (2).

More precisely, when following the closed walk, letI be the multiset of indicesi such that the walkC
passes from an edge inE2 to an edge inE1 at a vertex inVi. Similarly, letJ be the multiset of indicesj
such thatC passes from an edge inE1 to an edge inE2 at a vertex inVj . Then what remains inside the
products in Equation (2) after factoring out common multipliers is exactly

detAI,J =
∏

i∈I

ai1

∏

j∈J

aj2 −
∏

j∈J

aj2

∏

i∈I

ai2.

There is one final simplifying step. Consider a valuei occurring in bothI andJ . In this case, we can
factorai1ai2 out of both terms. This implies that the determinant of each block B of the block diagonal
matrix is of the form

±

(

∏

i,k

asik

ik

)

detAI,J , (3)

where the exponentssi,k are non-negative integers andI andJ are disjoint subsets of[m] of the same
cardinality and2|I| +

∑

i,k sik = p because the degree ofdetB is the order ofB. Notice that when
|I| = |J | = 1 (sayI = {i} andJ = {j}), the factordetAI,J equalsdetAi,j . Combining contributions
from the simplification process and all blocks, we have

detN = ±
∏

i,j

(detAi,j)|Vi∩Vj |
∏

i,k

aSik

ik

∏

B

detAIB ,JB ,

for some non-negative exponentsSik.

We now verify that this product divides the right hand side ofEquation (1). The exponentsSik can be
no larger thann because there are onlyn rows with entriesaik in A ⊗ D(Kn), so as a polynomial in
the variableaik, every term in the expansion of the determinant has degree atmostn. Furthermore, it is
not possible for the exponent of anyaik to ben. The only way this might occur is ifN were to contain
all n vertices ofVi and at leastn edges ofEk incident with the vertices ofVi. The corresponding set of
columns is a dependent set of columns inN (the rank ofD(Kn) is n), which would makedetN = 0.
ThereforedetN contributes no more thann − 1 factors of anyaik to lcmd(A ⊗ D(Kn)).

Now let us determine the number of factors ofdetAi,j that may dividedetN . Notice that factors of
detAi,j do not solely arise upon the conversion ofN to the simplified matrix ofN—they also arise when
|I| = |J | = 1 in Equation (3). We need to take this into account to determine how many factors ofdetAi,j

may dividedetN . It is not possible forn factorsdetAi,j to arise through the initial simplification ofN .
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If N contained all rows corresponding to vertices ofVi andVj along with2n columns ofA ⊗ D(Kn),
then at least one edge set (E1 or E2) would containn edges fromKn. The columns corresponding to
these edges would form a dependent set of columns inN , makingdetN = 0. Because everydetAi,j

contribution from blocks must include at least one vertex inVi with no copies and one vertex inVj with
no copies, there can be no more thann − 1 − |Vi ∩ Vj | copies ofdetAi,j from blocks. Therefore there
cannot be more thann − 1 factorsdetAi,j in the contribution ofdetN to lcmd(A ⊗ D(Kn)).

The factors ofdetN from the blocksB of the reduced matrix ofN can be considered independently
from the contributions ofaik anddetAi,j to Equation (1). There may be contributions ofdetAi,j in both
terms of the right hand side of Equation (1); however, they will not occur twice after application of the
outerlcm operation. Regarding the contribution of blocksB, the number of possibledet AI,J factors is
limited as well. For every factordetAI,J , each vertex leading to an index inI and every vertex leading
to an index inJ must have no additional copies in the graph. Hence each vertex of Kn occurs at most
once in some closed walkC generated by a blockB. Depending on the vertex set into which this vertex
is placed, the vertex either contributes an index to eitherIB or JB. So we are in a situation where for all
B, |IB | = |JB |, IB ∩ JB = ∅, and

∑

B(|IB | + |JB|) ≤ n, the product of which is the exact description
of one product in theLCMK contribution of Equation (1)

We have shown that for every matrixN , detN divides the right-hand side of Equation (1). We now
show that there exist graphs that attain the claimed powers of factors. Consider the path of lengthn − 1,
P = v1v2 · · · vn, as a subgraph ofKn. Create the(2n− 2)× (2n− 2) submatrixN of A⊗D(Kn) with
rows corresponding to both anith copy and ajth copy of verticesv1 throughvn−1 and edges corresponding
to two copies of every edge inP . Then

N =





























ai1 0 0 0 ai2 0 0 0
−ai1 ai1 0 0 −ai2 ai2 0 0

0
. . .

. . . 0 0
. . .

. . . 0
0 0 −ai1 ai1 0 0 −ai2 ai2

aj1 0 0 0 aj2 0 0 0
−aj1 aj1 0 0 −aj2 aj2 0 0

0
. . .

. . . 0 0
. . .

. . . 0
0 0 −aj1 aj1 0 0 −aj2 aj2





























,

with determinant(det Ai,j)n−1. The four quadrants ofN are(n−1)×(n−1) submatrices ofA⊗D(Kn)
with determinantsan−1

i1 , an−1
i2 , an−1

j1 , andan−1
j2 , respectively.

For all collectionsK = {(Is, Js)}) of pairs of multisubsetsIs andJs of [m] satisfying|Is| = |Js|
andIs ∩ Js = ∅ for all s and2

∑

|Is| ≤ n, we show that there is a submatrixN of A ⊗ D(Kn) with
determinant

∏

(Is,Js)∈K
detAIs,Js . For all s starting withs = 1, choose a subgraph ofKn with 2|Is|

vertices as follows. If|Is| > 1, create a cycleCs of length2|Is| using the next|Is| unused vertices ofKn.
If |Is| = 1 and the first unused vertex is vertexvq+1, then just create the edgees = vq+1vq+2. Choose
the rows and columns ofA⊗D(Kn) for N using the framework of placing the vertices and edges ofKn

into vertex setsVi and edge setsEk. For the cycleCs with verticesvq+1, vq+2, . . . , vq+2|Is|, place the
odd-indexed vertices into a vertex setVi for everyi ∈ Is and the even-indexed vertices into a vertex set
Vj for j ∈ Js. Place the edges from a lower-indexed odd vertex to a higher-indexed even vertex inE1 and
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place all other edges inE2. WhenIs = {i} andJs = {j}, place vertexvq+1 in Vi and vertexvq+2 in Vj .
Place the edgevq+1vq+2 in bothE1 andE2.

The submatrixN of A ⊗ D(Kn) that arises from placing the vertices in lexicographic order and the
edges in order following the cyclesCs or edgees is the block-diagonal matrix with blocksNs where each
matrixNs is a2|Is| × 2|Is| matrix of the form





















ai11 0 0 · · · 0 ai12

−aj11 −aj12 0 · · · 0 0
0 ai22 ai21 0

0 0 −aj21 −aj22

...
...

...
. . .

. . . 0
0 0 · · · −ajl1 −ajl2





















if Cs is a cycle and
(

ai1 ai2

aj1 aj2

)

if es is an edge. The determinant ofNs is exactlydetAIs,Js for all s, so the determinant ofN is
∏

(Is,Js)∈K
det AIs,Js , as desired. 2

When understanding the right hand side of Equation (1), it may be instructive to notice that theLCM
factor on the right hand side divides

∏

disjointI, J :
|I|=|J|=p

(det AI,J)⌊n/2p⌋,

as the largest number of individualdetAI,J factors that may occur for disjointp-member multisubsetsI
andJ of [m] is ⌊n/2p⌋.

Whenm = 2, the only pair of disjointp-member multisubsets of[m] is {1p} and{2p}. From this, we
have the following corollary.

Corollary 2 Let A be a2 × 2 matrix, not identically zero, andn ≥ 1. The least common multiple of all
square minor determinants ofA ⊗ D(Kn) is

lcmd
(

A ⊗ D(Kn)
)

= lcm
(

(lcmd A)n−1,
⌊n/2⌋

LCM
p=2

(

(a11a22)
p − (a12a21)

p
)⌊n/2p⌋)

,

whereLCM denotes the least common multiple over the range ofp.

We calculate a few examples, with matricesA that are needed for the chess-piece problem of [1].

Example 1 When the chess piece is the bishop,A is the2 × 2 matrix

A =

(

1 1
1 −1

)

.
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We apply Corollary 2, noting thatlcmd(A) = 2. We get

lcmd
(

A ⊗ D(Kn)
)

= lcm
(

2n−1,
⌊n/2⌋

LCM
p=2

(

(−1)p − 1p
)⌊n/2p⌋)

.

TheLCM generates powers of2 no larger than2n/2, hencelcmd
(

A ⊗ D(Kn)
)

= 2n−1.

Example 2 When the chess piece is the queen,A is the4 × 2 matrix

A =









1 0
0 1
1 1
1 −1









.

Again, lcmd(A) = 2. We apply Theorem 1. Every pair(I, J) of disjoint p-member multisubsets of[4]
has one of the following seven forms, up to the order ofI andJ :

({1q}, {2r, 3s, 4t}), ({2r}, {1q, 3s, 4t}), ({3s}, {1q, 2r, 4t}), ({4t}, {1q, 2r, 3s}),

({1q, 2r}, {3s, 4t}), ({1q, 3s}, {2r, 4t}), ({1q, 4t}, {2r, 3s}),

where the sum of the exponents in each multisubset isp, and whereq, r, s, andt may be zero. When we
calculatedetAI,J for each pair(I, J), the presence of zeroes and ones inA simplifies our calculations.
For example, in the third case, whereI = {3s} andJ = {1q, 2r, 4t}, the matrixAI,J is as follows:

AI,J =

(

1s 1s

1q0r1t 0q1r(−1)t

)

,

wheres = q + r + t = p. If any entry in this matrix is zero, then the determinant is aproduct of0’s, 1’s,
and−1’s, which will not contribute to theLCM. Therefore the only non-trivial case is whenq = r = 0,
in which cases = t = p, anddetAI,J = (−1)p − 1p = 0 or−2. This implies that theLCM of Equation
(1) divides2n−1. We conclude thatlcmd

(

A ⊗ D(Kn)
)

= 2n−1.

Example 3 A more difficult example is the fairy chess piece known as a nightrider, which moves an
unlimited distance in the directions of a knight. HereA is the4 × 2 matrix

A =









1 2
2 1
1 −2
2 −1









.

The submatrices
(

1 2
2 1

)

,

(

1 2
1 −2

)

, and

(

1 2
2 −1

)

,

with determinants−3, −4, and−5, respectively, lead to the conclusion thatlcmd(A) = 60. Since
the dimensions ofA are as in Example 2, we have the same possibilities for disjoint pairs ofp-member
multisubsets of[4]. It turns out thatdetAI,J has the same form in all seven cases: precisely±2u(22p−2u±
1), whereu is a number between0 andp. Furthermore, every value ofu from 0 to p appears and every
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choice of plus or minus sign appears (except whenu = p) in detAI,J for some choice of(I, J). We
present two representative examples that support this assertion.

The case ofI = {1q} andJ = {2r, 3s, 4t}. Then

AI,J =

(

1q 2q

2r1s2t 1r(−2)s(−1)t

)

,

with q = r + s+ t = p. We can rewritedetAI,J as± 2s − 22p−s = −2s(22p−2s ± 1). The only instance
in where there is no choice of sign is whens = p andr = t = 0, in which casedetAI,J simplifies to
either0 or−2p+1.

The case ofI = {1q, 2r} andJ = {3s, 4t}. Then

AI,J =

(

1q2r 2q1r

1s2t (−2)s(−1)t

)

,

whereq + r = s + t = p. For this choice ofI andJ , detAI,J = (−1)p2r+s − 22p−r−s.
Since everydetAI,J has the same form, and at most⌊p/2n⌋ factors of type(22p−2u ± 1) may occur at

the same time, theLCM in Equation (1) is exactly

LCM
K

(

∏

(Is,Js)∈K

detAIs,Js

)

= 2N LCM
1≤p≤n/2
0≤u≤p−1

(22p−2u ± 1)⌊n/2p⌋,

for someN ≤ n. We conclude that

lcmd
(

A ⊗ D(Kn)
)

= lcm(60n−1, LCM
1≤p≤n/2
0≤u≤p−1

(22p−2u ± 1)⌊n/2p⌋).

As a sample of the type of answer we get, whenn = 8 this expression is

lcmd
(

A ⊗ D(K8)
)

= lcm(607, (4 ± 1)⌊8/2⌋, (16 ± 1)⌊8/4⌋, (64 ± 1)⌊8/6⌋, (256 ± 1)⌊8/8⌋)

= 607 · 7 · 13 · 172 · 257.

The first few values ofn give the following numbers:

n lcmd
(

A ⊗ D(K8)
)

(factored)
2 60 601

3 3600 602

4 3672000 603 · 17
5 220320000 604 · 17
6 1202947200000 605 · 7 · 13 · 17
7 72176832000000 606 · 7 · 13 · 17
8 18920434740480000000 607 · 7 · 13 · 172 · 257
9 1135226084428800000000 608 · 7 · 13 · 172 · 257
10 952295753183943168000000000609 · 7 · 11 · 13 · 172 · 31 · 41 · 257

We hope to determine in the future whetherlcmd(A ⊗ B) has a simple form for arbitrary matricesA
andB. Our limited experimental data suggests this may be difficult. However, we think at least some
generalization of Theorem 1 is possible.
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Another direction worth investigating is the number theoretic aspects of Theorem 1.
Our initial goal was a formula forlcmd(A ⊗ D(Kn)). Theorem 1 gives a compact expression for this

quantity, but not as simple as it could be without the least common multiples. Improving it would require
an understanding of when two multivariate binomials have a common divisor.
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