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Abstract. We investigate the least common multiple of all subdeteamis,lcmd (A ® B), of a Kronecker product of
matrices, of which one is an integral matrilkwith two columns and the other is the incidence matrix of a jolete
graph. We prove that this quantity is the least common mieltplcmd(A) to the powem — 1 and certain binomials
in the entries ofA.

Résune. Nous examinons le plus petit commun multiple de tous les-gétesrminantsicmd (A ® B), d’un produit
de Kronecker de matrices. L'une des matricds,est & entrées entiéres a deux colonnes et l'autre esatece
d’incidence d’un graphe complet. Nous prouvons quieted(A ® B) est égale au plus petit commun multiple du
lemd(A) & la puissance — 1 et de certains bindmes des coefficientsAde

Keywords: Kronecker product, determinant, least common multipleid@nce matrix of complete graph, matrix
minor

In a study of non-attacking placements of chess piecesk€haHanusa, and Zaslavsky [1] were led
to a quasipolynomial formula that depends in part on the l@mmon multiple of the determinants of all
square submatrices of a certain Kronecker product matamely, the Kronecker product of an integral
m x 2 matrix with the incidence matrix of a complete graph. We gveoncise expression for the least
common multiple of the subdeterminants of this product matr

For matricesA = (ai;)mxk and B = (b;;)nx1, the Kronecker productt ® B is defined to be the
mn X kl block matrix

Itis known (see [2], for example) that whehand B are square matrices of ordersandn, respectively,
thendet(A ® B) = det(A)" det(B)™. The quantity we want to computeliend(A4 ® B), where for
an integer matrix\/, the notatiolcmd (M) denotes the least common multiple of the determinants of all
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square submatrices. This is a much stronger question, asatreesA and B are most likely not square
and the result depends on all square submatrices of theira€k@r product.

We are interested in the case whetds an integralm x 2 matrix andB is the incidence matrix of
a complete graph on vertices. (Their Kronecker product has orden x 2(;) .) For a simple graph
G = (V, E), the incidence matriD(G) is a|V| x |E| matrix with a row corresponding to each vertex
in ¥V and a column corresponding to each edg&irFor a column that corresponds to an edge vw,
there are exactly two non-zero entries: epe and one—1 in the rows corresponding teandw. The
sign assignment is arbitrary.

We concern ourselves with the complete grdph, the graph om verticesuv, ..., v, with an edge
between every pair of vertices. As an example, one of the rimaigence matrices foK, is the4 x 6
matrix

1 1 1 0 0 0
-1 0 0 1 1 0
D(Ka) = 0O -1 0 -1 0 1]

aiy aiy aiy 0 0 0 | aro a2 a2 0 0 0
—ail1 0 0 a1 a1 0 ! —a12 0 0 ai12 a12 0
|
0 —a11 0 —aq1 0 a1 | O —a12 0 —a12 0 a12
0 0 —ail1 0 —ai1 —ai1 ! 0 0 —a12 0 —a12 —a12
________________________ Y 742 Y T2 Thi2

as1 as1 as1 0 0 0 | a2 a2 a2 0 0 0
—as1 0 0 a1 a1 0 : —a92 0 0 a2 a292 0

0 —as 0 —a 0 a1 | O —aso2 0 —ao2 0 a2

O O —a91 O —a91 —a91 ! O O —a92 O —a92 —a92

We now introduce our main result after some notation.

Let A = (a;;) be anm x 2 matrix; this makesd ® D(K,,) anmn x n(n — 1) matrix with non-zero
entriesta;;. We introduce new notation for some matrices that will ariaturally in our theorem. For

a;1 G2

i,j € [m] = {1,2,...,m}, we write A*J to represen< ) If I is a multisubset ofm], we

@41 a;2

defineay;, to be the produck],.; a:. If I and.J are multisubsets din], we defineA”-” to be the matrix

a a . .
L %12} In this notation,
ajir  aj2

lemd A = lem (LCkM air, LCM det A™7),
2, 1,]
whereLCM denotes the least common multiple of non-zero quantitiesntaver all indicated pairs of
indices.

Theorem 1 Let A be anm x 2 matrix, not identically zero, and > 1. The least common multiple of all
square minor determinants &f ® D(K,,) is

_ n—1 Is,Js
lemd (A ® D(K,)) = lem ((lcmdA) LCM ((I g[)exdetA )) 1)
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whereLCM denotes the least common multiple of non-zero quantitiesntaver all collections =
{(Is, Js)}) of pairs of multisubset; and J, of [m| satisfying|Is| = |Js| andI; N J, = () for all s and
23|I < n.

It is only necessary to take thigCM component over all maximal collectioi§ that is, collections<
satisfying}_ |Is| = [n/2].

Proof: Consider anl x | submatrixV of A ® D(K,). We wish to determine the determinant &f
and show that it divides the right-hand side of Equation {f need consider only matricéé whose
determinant is not zero, since a matrix wittt N = 0 has no effect on the least common multiple.

SinceD(K,,) is constructed from a graph, we will analyxefrom a graphic perspective. The matrix
N is a choice of rows and columns fromA ® D(K,,). This corresponds to a choice b¥ertices and
[ edges fromK,, where we are allowed to choose upritocopies of each vertex and up to two copies of
an edge. Another way to say this is that we are choosirgubsets ot/ (K,,), sayV; throughV;,,, and
two subsets o (K,,), say £, and E,, with the property thap " | |V;| = Zi:l |Vi| = 1. From this
point of view, if a row inNV is taken from the firsk rows of A ® D(K,), this is thought of as placing
the corresponding vertex af (K,,) in V3, and so on, up through a row iN from the lastn rows of
A ® D(K,) corresponding to a vertex i,,. We will say that the copy of in V; is thei™ copy ofv and
the copy ofe in E, is thek™™ copy ofe.

Under this framework, we will now perform elementary matwjxerations onV in order to make its
determinant easier to calculate. We call the resulting iméte simplified matrix ofN. Each copy of
a vertexv has a row inN associated with it; two rows corresponding to two copieshefsame vertex
contain the same entries except for the different multiplig,,. For example, ifv is a vertex in both
V1 and Vs, then there is a row corresponding to the first copy with mléisa;; anda;, and a row
corresponding to the second copy with the same entriesphiettiby as; andass.

In the case when there is a vertex in exactly two vertex BetdV; corresponding to two rowg;

andR; in N, we perform the following operations depending on the rpliéisa;: , a;2, a;1, anda ;. We
first notice thatlet A*/ = a;1a;2 — a;2a;1 is non-zero; otherwise, the rows and R; would be linearly
dependent inV anddet N = 0. Therefore either both;; anda;, or a;>» anda;; are non-zero. In the
former case, let us adda;i /a;1 timesR; to R; in order to zero out the entries corresponding to edges in
E;. The multipliers of entries ifR; corresponding to edges i, are now alldet A™7 /a;;. Similarly, we
can zero out the entries iR; corresponding to edges . Lastly, factor outlet A% /a;oa;1 from R;.
If on the other hand, either multiplies;; or a; is zero, then reverse the rolesiandy in the preceding
argument. There cannot be a vertex in three or more vertexssete then the corresponding rowsof
would be linearly dependent addt NV would be zero. The above manipulations ensure that theliaiti
of every non-zero entry itV that corresponds to afi vertex and & edge isu;y.

We assert that the simplified matrix 6f has no more that two non-zero entries in any column. For a
columne corresponding to an edge= vw in K,,, each ofv andw is either in one vertex séf; or in
two vertex setd/; andVj. If the vertex corresponds to two rows M, the above manipulations ensure
that there is only one copy of the vertex that has a non-zetoptier in the column. Another important
quality of this simplification is that if a vertex is in moresth one vertex set, then every edge incident with
once instance of this repeated vertex is now in the same edge s

Since we are assumint N # 0, NV has at least one non-zero entry in each column or row. If a row
(or column) has exactly one non-zero entry, we can reducddtezminant by expanding in that row (or
column). This contributes that non-zero entry as a factdghendeterminant. After reducing repeatedly
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Vq eq Vg+1

C

Fig. 1: An edgee, = vquq+1 In the cycleC generated by blocB. Whenv, € Vi, vq+1 € Vj, andey € Ej, the
contributionsy, andz, to det B area;; anda;x, respectively.

in this way, we arrive at a matrix where each column has exaeth non-zero entries, and each row has
at least two non-zero entries. This implies that every rowéxactly two non-zero entries as well. After
interchanging the necessary columns and rows and possibtipiying columns by—1, the structure of
what we will call thereduced matrix ofV is a block diagonal matrix where each bloBkis a weighted
incidence matrix of a cycle, such as

v uw 0 0 0 0 —z
—Z1 Y2 O O O O
0 —Z9 Y3 0 0 0
0 —Z3 Ya 0 0
0

0
0 0 0 —Z4 Ys
0 0 0 0 —2 ¥

The determinant of @ x p matrix of this type isy; ---y, — z1--- 2,. Therefore, we can write the
determinant ofV as the product of powers of entries4f powers ofdet A»7, and binomials of this form.
In our situation, the entrieg, andz, are the variables;;,, depending on in which vertex sets the rows lie
and in which edge sets the columns lie. If the vertice&Kgfcorresponding to the rows iR are labeled
throughu,, this block of the block matrix corresponds to traversirgdtosed wallC' = vyvs . .. vpv1 In
K, (in this direction). As a result of the form of the simplifiectrix of V, for a column that corresponds
to an edge:, = v,v441 IN Ej, traversed from the vertex, in vertex setV; to the vertexy,; in vertex
setV;, the entryy, is a;;, and the entry, is a;;. (See Figure 1.) Therefore each blaBkin the block
diagonal matrix contributes

det B = H Qi — H Qjk (2)

e=v4vq41€C e=v4vq41€C
e€Ey,vq€V; e€FE,,vq41€Vj

for some closed walk’ in G.

We can simplify this expression by analyzing what exactly ), anda;, are. Suppose that two
adjacent edges,_; ande, in C are in the same edge sBj;, and suppose that the vertexthat these
edges share is iir;. (See Figure 2.) In this case, both entrigs; andy, area;,, which can then be
factored out of each product in Equation (2). A particulasectb mention is when the cydlé contains a
vertex that has multiple copies ¥ (not necessarily both i@). In this case, the edges 6fincident with
this repeated vertex are both from the same edge set, acometh&arlier. After factoring out a multiplier
for each pair of adjacent edges in the same edge set, alleimatins inside the products in Equation (2)
are the contributions of multipliers from vertices where ihcident edges are from different edge sets.
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Fig. 2: Two adjacent edges,—1 ande,, both incident with vertex, in the cycleC generated by bloclB. When
both edges are members of the same edgé&seindv, is a member ol;, the contributions;,—1 andy, are both
a;k, allowing this multiplier to be factored out of Equation (2)

More precisely, when following the closed walk, lebe the multiset of indicessuch that the walk”
passes from an edge ity to an edge int; at a vertex inV;. Similarly, letJ be the multiset of indiceg
such that”' passes from an edge Iy to an edge inF; at a vertex inV;. Then what remains inside the
products in Equation (2) after factoring out common muikifd is exactly

det AI’J = Hail H ajo — H a;2 Haig.

i€l JjeJ JjeJ i€l

There is one final simplifying step. Consider a valuecurring in both/ andJ. In this case, we can
factora;1 a2 out of both terms. This implies that the determinant of edokkoB of the block diagonal

matrix is of the form
i(H@;j) det AT, A3)

where the exponents ; are non-negative integers aficand J are disjoint subsets dfn| of the same
cardinality and2|I| + Zi’k sir = p because the degree dft B is the order ofB. Notice that when
|I| = |J| =1 (sayl = {i} and.J = {j}), the factordet A’*/ equalsdet A%J. Combining contributions
from the simplification process and all blocks, we have

det N =+ H(det ABNIVinYl Haf,g’“ Hdet Als:JB

2% ik B
for some non-negative exponeisis .

We now verify that this product divides the right hand sidé=gfiation (1). The exponenfs; can be
no larger tham because there are onlyrows with entriess;; in A ® D(K,,), so as a polynomial in
the variables;, every term in the expansion of the determinant has degneesitn. Furthermore, it is
not possible for the exponent of any;, to ben. The only way this might occur is iV were to contain
all n vertices ofV; and at least: edges ofE, incident with the vertices of;. The corresponding set of
columns is a dependent set of columna\inthe rank ofD(K,,) is n), which would makelet N = 0.
Thereforedet N contributes no more tham— 1 factors of any;, tolemd(A @ D(K,,)).

Now let us determine the number of factorsdet A% that may dividedet V. Notice that factors of
det A% do not solely arise upon the conversionto the simplified matrix ofV—they also arise when
|I| = |J| = 1in Equation (3). We need to take this into account to deteerhsw many factors afet A%
may dividedet N. It is not possible for factorsdet A7 to arise through the initial simplification @¥.



6 Christopher R. H. Hanusa and Thomas Zaslavsky

If N contained all rows corresponding to verticesipfandV; along with2n columns ofA @ D(K,,),
then at least one edge séf,(or F>) would containn edges fromK,,. The columns corresponding to
these edges would form a dependent set of columré,imakingdet N = 0. Because everyet A*J
contribution from blocks must include at least one vertekjinvith no copies and one vertex Irj with
no copies, there can be no more than 1 — |V; N V;| copies ofdet A™7 from blocks. Therefore there
cannot be more tham — 1 factorsdet A% in the contribution oflet N to lemd(A ® D(K},)).

The factors ofdet N from the blocksB of the reduced matrix oV can be considered independently
from the contributions ofi;;, anddet A%/ to Equation (1). There may be contributionslef A%/ in both
terms of the right hand side of Equation (1); however, thely mat occur twice after application of the
outerlem operation. Regarding the contribution of blodksthe number of possibléet A’>7 factors is
limited as well. For every factatet A/, each vertex leading to an indexrand every vertex leading
to an index inJ must have no additional copies in the graph. Hence eachxveft&, occurs at most
once in some closed walk generated by a block. Depending on the vertex set into which this vertex
is placed, the vertex either contributes an index to eiflaeor Jz. So we are in a situation where for all
B, |Ig| = |JB|, Is N Jp =0, and}_ ;(|Ig| + |JB|) < n, the product of which is the exact description
of one product in thé&.CMg contribution of Equation (1)

We have shown that for every matriX, det N divides the right-hand side of Equation (1). We now
show that there exist graphs that attain the claimed powdextors. Consider the path of length— 1,
P = vjvy - - - vy, as asubgraph dt,,. Create th€2n — 2) x (2n — 2) submatrixV of A ® D(K,,) with
rows corresponding to both @ copy and g copy of vertices), throughw,,_; and edges corresponding
to two copies of every edge iR. Then

a;1 0 0 0 | ap 0 0 0
—a;1 i 0 0 " —ap ap 0 0
|
0 0 : 0 0
N | 00 _—zan aa, 0 0 —ap ap
- aji 0 0 0 : ajo 0 0 0 ’
—aj 1 Qaj1 0 0 | @52 52 0 0
0 . . 0,0 . .0
| 0 0 —aj1 aj : 0 0 —aj2 aj

with determinantdet A%7)"~1. The four quadrants ¥ are(n—1) x (n— 1) submatrices ofi® D(K,)
with determinants} ', o, ', o’ ', anda’; !, respectively.

For all collectionsK = {(I,, Js)}) of pairs of multisubsetd, and.J, of [m] satisfying|I;| = |Js|
andi; N Js = ( forall s and2 " |I5| < n, we show that there is a submatik of A ® D(K,,) with
determinanﬂ(Isst)ex det A%/, For all s starting withs = 1, choose a subgraph &f,, with 2|
vertices as follows. IfI;| > 1, create a cycl€’; of length2|I| using the nextl;| unused vertices dk,.
If |Is| = 1 and the first unused vertex is vertey, 1, then just create the edge = v,+1v,+2. Choose
the rows and columns of ® D(K,,) for N using the framework of placing the vertices and edges of
into vertex setd/; and edge set&,. For the cycleCs with verticesv,y1,vg12, - - -, vg42/1,|, Place the
odd-indexed vertices into a vertex détfor every: € I, and the even-indexed vertices into a vertex set
V; for j € J,. Place the edges from a lower-indexed odd vertex to a higiterxed even vertex if'; and
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place all other edges ifiz. WhenI, = {i} and.Js = {j}, place vertex,; in V; and vertexy 2 in V;.
Place the edge,; 1v442 in both £y and Es.

The submatrixV of A ® D(K,,) that arises from placing the vertices in lexicographic omted the
edges in order following the cyclé€s; or edgee; is the block-diagonal matrix with block; where each
matrix N is a2|I;| x 2|Is| matrix of the form

aq; 1 0 0 0 A2
—Clel —CLjIQ O O O
0 aizg aizl 0
0 0 —aj1 —aje
: : 0
L O 0 —0Gj1 02

if C,is acycle and
(ail ai2>
az1 G52
if e, is an edge. The determinant of, is exactlydet A’/ for all s, so the determinant oV is
[1(1. . )ex det A7+, as desired. O
When understanding the right hand side of Equation (1), i beiinstructive to notice that tHeCM

factor on the right hand side divides

(det AT7)n/2p],

I

disjoint I, J:
l|=IJ]=p

as the largest number of individuddt A’/ factors that may occur for disjoiptmember multisubsets
and.J of [m] is |n/2p].

Whenm = 2, the only pair of disjoinp-member multisubsets ¢fn] is {17} and{2”}. From this, we
have the following corollary.

Corollary 2 Let A be a2 x 2 matrix, not identically zero, and > 1. The least common multiple of all
square minor determinants ef ® D(K,,) is

(/2]
lemd (A ® D(Kn)) = lem ((1cmd A)n_l y LCM ((auagg)p - (a12a21)p) n/2p] ),

p=2
whereLCM denotes the least common multiple over the range of
We calculate a few examples, with matricéshat are needed for the chess-piece problem of [1].

Example 1 When the chess piece is the bishdpis the2 x 2 matrix

()
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We apply Corollary 2, noting thatmd(A) = 2. We get

lemd (A ® D(K,)) = lem (27 f%ﬁ ((=1)7 —17) Ln/2pJ)
n , ) .

TheLCM generates powers @fno larger thar2"/2, hencdemd (A ® D(K,,)) = 2"~ 1,
Example 2 When the chess piece is the quedris the4 x 2 matrix

0
1
1

== O =

-1

Again,lcmd(A) = 2. We apply Theorem 1. Every p4&if, J) of disjoint p-member multisubsets ¢4]
has one of the following seven forms, up to the ordef ahd.J:

({193, {27,3%,4%)), ({271, {19.3%4),  ({3°},{17.2",47}), ({4'},{17,2",3%}),
({17,273, {3% 47, ({17,3°1,{2".4"}), ({17.4'},{2".3°}),

where the sum of the exponents in each multisubgetand wherey, r, s, andt may be zero. When we
calculatedet A%+ for each pair(1,.J), the presence of zeroes and oneslisimplifies our calculations.
For example, in the third case, where= {3°} andJ = {1%,2" 4}, the matrixA’>’ is as follows:

1° 1°
I,J _
A _(1qor1t 0q1r(—1)t>7

wheres = ¢ + r + ¢t = p. If any entry in this matrix is zero, then the determinant fgaduct of0’s, 1's,
and—1's, which will not contribute to thé&.CM. Therefore the only non-trivial case is whenr= r = 0,
in which cases = t = p, anddet A/ = (—1)? — 17 = 0 or —2. This implies that thé.CM of Equation
(1) divides2"~!. We conclude thatmd (A ® D(K,,)) = 2",

Example 3 A more difficult example is the fairy chess piece known as dfnider, which moves an
unlimited distance in the directions of a knight. Hetés the4 x 2 matrix

2
1
-2
-1

1 2 12and12
2 1)°\1 =2)° 2 —1)°

with determinants-3, —4, and —5, respectively, lead to the conclusion thatnd(A) = 60. Since
the dimensions ofl are as in Example 2, we have the same possibilities for dispairs ofp-member
multisubsets of4]. It turns out thatlet A’/ has the same form in all seven cases: precis@ly(22P—24+
1), whereu is a number betweehandp. Furthermore, every value affrom 0 to p appears and every

N =N

The submatrices
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choice of plus or minus sign appears (except whes p) in det A’/ for some choice ofI, .J). We
present two representative examples that support thistasse
The case of = {17} andJ = {27, 3%,4'}. Then

AIvJ - 14 24
- 27‘132t 1r(_2)s(_1)t )

with ¢ = r + s+t = p. We can rewritelet A7 as 425 — 227=s = —25(22P=25 £ 1), The only instance
in where there is no choice of sign is when= p andr = t = 0, in which caselet A"/ simplifies to
either0 or —2°r+1,

The case of = {17,2"} andJ = {3%,4'}. Then

An _ (102 241"
- 1s2t (_2)5(_1)1& ’

whereq + r = s + t = p. For this choice of and.J, det AT/ = (—1)P2r+s — 22p—r=s,
Since everylet A’/ has the same form, and at mog'2n | factors of typg(22P=2* 4 1) may occur at
the same time, theCM in Equation (1) is exactly

LCM < I] det Afsts) =2V LCOM (22~ 2v 4 1)ln/2p]
x 1<p<n/2
(IS.,JS)GK 0<u<p—1
for someN < n. We conclude that

lemd (A ® D(Kn)) = ]Cm(GOn—l7 LCM (22p—2u + 1)Ln/2pJ)_
1<p<n/2
0<u<p—1

As a sample of the type of answer we get, wheg 8 this expression is
lemd (A ® D(Ks)) = lem(607, (4 + 1)18/2) (16 + 1)18/4) (64 + 1)18/6) (256 + 1)18/8])
=607-7-13-17%-257.

The first few values of. give the following numbers:

n | lemd (A ® D(Kg)) (factored)

2 | 60 60"

3 | 3600 602

4 | 3672000 602 - 17

5 | 220320000 604 - 17

6 | 1202947200000 60°-7-13-17

7 | 72176832000000 60°-7-13-17

8 | 18920434740480000000 607 -7-13-17%-257

9 | 1135226084428800000000 60%.7-13-17%-257

10 | 95229575318394316800000000@0% - 7- 11 - 13- 172 - 31 - 41 - 257

We hope to determine in the future whethend(A @ B) has a simple form for arbitrary matricefs
and B. Our limited experimental data suggests this may be difficdbwever, we think at least some
generalization of Theorem 1 is possible.



10 Christopher R. H. Hanusa and Thomas Zaslavsky

Another direction worth investigating is the number théioraspects of Theorem 1.

Our initial goal was a formula fdemd(A ® D(K,,)). Theorem 1 gives a compact expression for this
quantity, but not as simple as it could be without the leastim@n multiples. Improving it would require
an understanding of when two multivariate binomials haverarmon divisor.
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