THE ENUMERATION OF FULLY COMMUTATIVE AFFINE PERMUTATIONS

CHRISTOPHER R. H. HANUSA AND BRANT C. JONES

ABSTRACT. We give a generating function for the fully commutative radfipermutations enumerated by
rank and Coxeter length, extending formulas due to Stergbraghd Barcucci—Del Lungo—Pergola—Pinzani.
For fixed rank, the length generating functions have coefiisi that are periodic with period dividing the

rank. In the course of proving these formulas, we obtainltes$hbat elucidate the structure of the fully

commutative affine permutations.

1. INTRODUCTION

Let W be a Coxeter group. An elemeatof W is fully commutativef any reduced expression for
w can be obtained from any other using only commuting relatmmong the generators. For example,
if W is simply laced then the fully commutative elementdifare those with na;s;s; factor in any
reduced expression, whesgands; are any noncommuting generators.

The fully commutative elements form an interesting clasCoketer group elements with many
special properties relating to smoothness of Schuberétiesi Fan9§, Kazhdan—Lusztig polynomi-
als andu-coefficients BWO01, Gre07, Lusztig’'s a(w)-function [Shi0, and decompositions into cells
[Shi03 FS97 GLO1]. Some of the properties carry over to the freely braided madimally clustered
elements introduced idL02, GLO4, Los07. At the level of the Coxeter groupSfe9§ shows that
each fully commutative element has a unique labeled partial order called tieapof w whose linear
extensions encode all of the reduced expressiong for

Stembridge $te9§ (see alsofFan95 Gra93) classified the Coxeter groups having finitely many fully
commutative elements. 115fe9§, he then enumerated the total number of fully commutatieenents
in each of these Coxeter groups. The typseries yields the Catalan numbers, a result previoushngive
in [BJS93. Barcucci et al. BDLPP0J have enumerated the fully commutative permutations bye@mx
length, obtaining @-analogue of the Catalan numbers. Our main result in The&@iis an analogue
of this result for the affine symmetric group.

In a general Coxeter group, the fully commutative elememdgx a basis for a quotient of the corre-
sponding Hecke algebr&fa9s Fan95 GL99]. In type A, this quotient is the Temperley—Lieb algebra;
see TL71, Wes9]. Therefore, our result can be interpreted as a graded diimeiformula for the affine
analogue of this algebra.

In Section2, we introduce the necessary definitions and backgroundnir#ion. In SectiorB, we
enumerate the fully commutative affine permutations by dgmmsing them into several subsets. The
formula that we obtain turns out to involve a ratio @Bessel functions as described BOLFP93
arising as the solution obtained bBN¥96] of a certain recurrence relation on the generating functio
A similar phenomenon occurred iBPLPPOZ, and our work can be viewed as a description of how to
lift this formula to the affine case. It turns out that the oablditional ingredients that we need for our
formula are certain sums and productsgdfinomial coefficients. In Sectios, we prove that for fixed
rank, the coefficients of the length generating functiomspariodic with period dividing the rank. This

2000Mathematics Subject ClassificatioRrimary 05A15, 05E15, 20F55; Secondary 05A30.
Key words and phrasesaffine Coxeter group, abacus diagram, window notation, ¢etemotation, Gaussian polynomial.
The second author received support from NSF grant DMS-0B862

1



2 CHRISTOPHER R. H. HANUSA AND BRANT C. JONES

result gives another way to determine the generating fonstby computing the finite initial sequence
of coefficients until the periodicity takes over. We consiseme further question in Sectién

2. BACKGROUND

We view the symmetric grou§,, as the Coxeter group of typéwith generating set = {s1,...,s,-1}
and relations of the forms;s;1)% = 1 together with(s;s;)? = 1 for |i — j| > 2 ands;> = 1. We denote
Un>1Sn by See and calln(w) the rankn of w € S, C S. The affine symmetric groug,, is also

a Coxeter group; it is generated Sy: S U {so} with the same relations as in the symmetric group
together withsg? = 1, (s,—150)°> = 1, (s0s1)® = 1, and(sps;)? = 1for2 < j <n —2.

Recall that the products of generators fr6ror S with a minimal number of factors are calleetuced
expressionsandl(w) is the length of such an expression for an (affine) permutatioGiven an (affine)
permutationw, we represent reduced expressions#on sans serif font, saw = wyws - - - w, where
eachw; € S or S. We call any expression of the forms; 41 s; ashort braid where the indices, i &+ 1
are taken moa if we are working inS,. There is a well-known theorem of Matsumoiddt64] and Tits
[Tit69], which states that any reduced expressiondaran be transformed into any other by applying a
sequence of relations of the forfs;s;+1)® = 1 (where again,i + 1 are taken mod in S,,) together
with (s;s;)% = 1 for |i — j| > 1.

As in [Ste9§, we define an equivalence relation on the set of reducedesgjns for an (affine)
permutation by saying that two reduced expressions areeisdmecommutativity clas#f one can be
obtained from the other by a sequenceofmmuting movesf the forms;s; — s;s; where|i — j| > 2.

If the reduced expressions for a permutatioform a single commutativity class, then we says fully
commutative

We also refer to elements in the symmetric group byahe-line notationw = [wyws ... w,] where
w IS the bijection mapping to w;. Then the generators are the adjacent transpositions interchanging
the entries and: + 1 in the one-line notation. Laeb = [w; ... w,], and suppose that= [p; ...px] IS
another permutation iy, for £ < n. We sayw contains the permutation pattegnor w containsp as a
one-line patterrwhenever there exists a subsequehegi; < is < ... < i < n such that

w;, < w;, ifandonly ifp, < py

forall1 < a<b<k. Wecall(i,is,...,i) thepattern instance For example[53241] contains the
pattern[321] in several ways, including the underlined subsequence.dbes not contain the pattepn
we say thatv avoidsp.

Theaffine symmetric grouﬁn is realized in BBO5, Chapter 8] as the group of bijections: Z — 7Z
satisfyingw (i + n) = w(i) +nandY_ " w(i) = > ;i = ("5'). We call the infinite sequence

(... w(=1),w(0),w(l),w(2),...,wn),wn+1),...)

the complete notatioror w and
[w(l),w(2),...,w(n)]

the base windowfor w. By definition, the entries of the base window determinand its complete
notation. Moreover, the entries of the base window can besahgf integers that are normalized to sum
to (") and such that the entries form a permutation of the resicasses itZ/ (nZ) when reduced mod
n. Thatis, no two entries of the base window have the sameuesitbdn. With these considerations in
mind, we will represent an affine permutation using an abd@gram together with a finite permutation.

To describe this, observe thé acts on the base window by permuting the entries, which ieslan
action ofS,, onZ. In this action, the Coxeter generatgrsimultaneously interchanges(: + kn) with
w(i + 1+ kn) for all k € Z. Moreover, the affine generatsy interchanges alb(kn) with w(kn + 1).
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Hence,S,, is a parabolic subgroup of,. We form the parabolic quotient

Sn /Sy ={w € Sy : l(ws;) > I(w) for all s; wherel <i <n —1}.
By a standard result in the theory of Coxeter groups, thigjses a unique representative of minimal
length from each cosetS,, of S,,. For more on this construction, sé@g05, Section 2.4]. In our case,
the base window of the minimal length coset representativenalement is obtained by ordering the
entries that appear in the base window increasingly. Thmstcoction implies that, as sets, the affine
symmetric group can be identified with the $&t/S,, x S,,. The minimal length coset representative

determines which entries appear in the base window, andrhe fiermutation orders these entries in
the base window.

2.1. Abacus diagrams. The abacus diagrams alK81] give a combinatorial model for the minimal
length coset representativesﬁg /Sn. Other combinatorial models and references for these ges g
[BJVOS.

An abacus diagrams a diagram containing columns labeled, 2, ..., n, calledrunners The hor-
izontal rows are calledevelsand runner; contains entries labeled by, 4+ ¢ on each level- where
—00 < r < oo. We draw the abacus so that each runner is vertical, oriemiidd—oc at the top and
oo at the bottom, with runner in the leftmost position, increasing to runnem the rightmost position.
Entries in the abacus diagram may be circled; such circlemenhts are callebdeads Entries that are not
circled are calledjaps The linear ordering of the entries given by the labelst 7 is called thereading
order of the abacus which corresponds to scanning left to rigpttadoottom.

We associate an abacus to each minimal length coset retatgen < S, /S, by drawing beads
down to levehw; in runneri for eachl < i < n where{w;,ws, ..., w,} is the set of integers in the base
window of w, with no two having the same residue medSince the entries); sum to("}"), we call
the abacus constructed in this waglanced It follows from the construction that the Coxeter length of
the minimal length coset representative can be determioed the abacus.

Proposition 2.1. Letw € §n/Sn and form the abacus fow as described above. Let; denote the
number of gaps preceding the lowest bead of runnarreading order, for eaci < i < n. Then, the
Coxeter length(w) is Y ;" m;.

Example 2.2. The affine permutation = [—1, —4, 14, 1] is identified with the paifw, w") wherew is
the finite permutation; s3 = [2143] which sorts the elements of the minimal length coset reptatiee
w® = [~4, 1,1, 14]. Note that the entries af” sum to(}) = 10. The abacus o0& is shown below.

SISCIS)
@O o
DD
5 (o) 7
911 12
1315 16

17 9 20

0]

From the abacus, we see that has Coxeter length + 10 + 0 + 0 = 11. For example, the ten
gaps preceding the lowest bead in runner 21&€e2,11,9,8,7,5,4,3, and0. Hence,w has length
l(w) + I(w®) = 13.

In this work, we are primarily concerned with the fully comtative affine permutations. Green has
given a criterion for these in terms of the complete notafmmw. His result is a generalization of a
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theorem from BJS93 which states thaty € S, is fully commutative if and only ifw avoids[321] as a
permutation pattern.

Theorem 2.3.[Gre03 Letw € S,. Thenw is fully commutative if and only if there do not exist integyer
i < j < ksuchthatw(i) > w(j) > w(k).

Observe that even when the entries in the base window of amalidéength coset representative are
sorted, the element may not be fully commutative by Thedee3nFor example, if we write the element
w? = [~4, 1,1, 14] in complete notation

w’ =(...,—8,-5,-3,10,—4,—1,1,14,0,3,5,18,...)

we obtain g321]-instance as indicated in boldface.

In order to more easily exploit this phenomenon, we slightlydify the construction of the abacus.
Observe that the length formula in Propositidrl depends only on the relative positions of the beads
in the abacus, and is unchanged if we shift every bead in theuabexactlyt positions to the right in
reading order. Moreover, each time we shift the beads onetaitiie right, we change the sum of the
entries occurring on the lowest bead in each runner by gxactlin fact, this shifting corresponds to
shifting the base window inside the complete notation. &fuee, we may define an abacus in which all
of the beads are shifted so that position- 1 becomes the first gap in reading order. We call such abaci
normalized Although the entries of the lowest beads in each runnemailbnger sum td”; '), we can
reverse the shifting to recover the balanced abacus. Hérnisgyrocess is a bijection on abaci, and we
may assume from now on that our abaci are normalized.

Proposition 2.4. Let A be a normalized abacus far’ ¢ §n/5n, and suppose the last bead occurs at
entry i. Then,w? is fully commutative if and only if the lowest beads on rusnefrA occur only in
positions that are a subset ¢2,3,... ,n}U{i—n+1,i—n+2,...,i}.

Proof. By construction, positiom + 1 is the first gap in4, so the lowest bead on runnérccurs at
position1, and all of the positiong, 3, ..., n are occupied by beads. Suppose there exists a lowest bead
at positionj with n < j < i—n-+1, and consider the complete notation fdt obtained by arranging the
positions of the lowest beads in each runner sequentiatlyeibase window. We obtain[321]-instance
in positionsi —n from the window immediately preceding the base windpWwpm the base window, and
n + 1 from the window immediately succeeding the base window.dden’ is not fully commutative
by Theoren®.3

Otherwise, the only inversions occur between an ento§ {i — n + 1,7 —n + 2,...,4} in window

p of the complete notation with an entbyof {2, 3,...,n} in window ¢ > p of the complete notation,
and all entries to the right d@fin the complete notation are larger thiarHencew? is [321]-avoiding, so
fully commutative by Theorerd.3 O

We distinguish between two types of fully commutative elateehrough the position of the last bead
in its normalized abacud. If the last bead occurs in a positian> 2n, then we call the element a
long element. Otherwise, the last bead occurs in a positiod ¢ < 2n, and we call the element a
shortelement. As evidenced in Secti8nthe long fully commutative elements have a nice structoae t
allows for an elegant enumeration; the short elements Hslstructure.

2.2. g-analogs of binomial coefficients.Calculations involvingz-analogs of combinatorial objects of-
ten involveg-analogs of counting functions. A few standard referencethe subject areAnd76, GJ83
Sta97. Define(a, q), = (1—a)(1—aq)--- (1—aq" ') and(q), = (q,q).. Theg-binomial coefficient
], (@lso called theSaussian polynomilis ag-analog of the binomial coefficier(f;). To calculate a
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g-binomial coefficient directly, we use the formula
m _ A=) —g¢"") (A —g" M (@)n
q

(2.1) = .
k (I=g")(X =g (1-4q") (@r(@)n—k
Just as with ordinary binomial coefficientshbinomial coefficients have multiple combinatorial intexp

tations and satisfy many identities, a few of which are hgitied below.

Interpretation 1. Let M be the multisef/ = {1¥,2"~*}. For an orderingr of then elements of\/,
the number of inversions af denotednv(r), is the number of instances of two entrieend j such that

(i) > w(j). Then[ﬁ]q =3 g™,

Interpretation 2. Let A be the set of partitions\ whose Ferrers diagram fits inside fax (n — k)
rectangle. Therﬁj]q = 3", ea @™, where|\| denotes the number of boxes in the diagram.of

Interpretation 3. Let[}] be the set of subsetsef = {1,2,...,n} of sizek. GivenR = {ry,... 7} €
(1], definelR| = 377_, (rj — 7). Then[}] , = S rcpn o

Interpretationl is used most frequently in this article. Interpretati®is used in Sectior3.1 when
counting long fully commutative elements. Interpretatboan be used to construct bijections between
the interpretations.

The following identities follow directly from EquatioB. L

n n
Identity 2.2. = .

Identity 2.3. (1 — ¢" ) [Z} =(1-¢"
q

n
k

n— 1}
ko1,
3. DECOMPOSITION AND ENUMERATION OF FULLY COMMUTATIVE ELEMENTS

Let SF'C denote the set of fully commutative permutationsSjn In the following result, Barcucci et
al. enumerate these elements by Coxeter length.

Theorem 3.1. [BDLPPO] LetC(z,q) = 3,50 X yegre "¢ ™). Then,

S nso(= )" g2 (2 g) i1 (g5 9)n

C _
@9 > onso(=1)mangmm D2/ (2 q)0(q; @)n

This formula is a ratio of;-Bessel functions as described BOLFP9Y. It arises as the solution
obtained by BM96] of a recurrence relation given on the generating functide.will encounter such a
recurrence in the proof of Lemn&9 below.

We enumerate the fully commutative elemetts S, by identifying each as the product of its mini-
mal length coset representativé ¢ S, /Sy and a finite permutatiomw € S,, as described in Sectidhl
Recall that we decompose the set of fully commutative elésniato long and short elements. The ele-
ments with a short abacus structure break down into thoseendsgtain entries intertwine and those in
which there is no intertwining. When we assemble these cagesbtain our main theorem.

Theorem 3.2. Let S denote the set of fully commutative affine permutatiors,irand letG(z, q) =
> nz0 Lowegre "' ™), wherel (w) denotes the Coxeter lengthwof Then,

n n

n—1 2
G, q) = (Z = ) + ) + ( > gt fﬂqsm,q)),

n>0 q R,L>1
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FIGURE 1. The firstthree membersAR, A%, and A%—of the infinite family of abaci
{AR} with long runnersR = {2,5}. These abaci correspond to certain long fully

commutative elements ;.
whereC(z, q) is given by TheorerB.1, and the component parts 6z, q) = Sr(x,q) + So(z,q) +
Si(x,q) + Sa2(x,q) are given in Lemma3.6, 3.7, 3.8, and3.9, respectively.

3.1. Long elements. In this section, we enumerate the long elements. Recallhiealast bead in the
normalized abacus for these elements occurs in positian.

Lemma 3.3. For fixedn > 0, we have

Z q"SH

weSFC such thatw is long k=1

Proof. Fix a long fully commutative element, and define the seloofy runnersR of its normalized
abacusA to be the set of runnerg-, ..., 7.} C [n]\ {1} in which there exists a bead in positiont- r;
for 1 < j < k. We will enumerate the long fully commutative elements bgditioning onk = |R|, the
size of the set of long runners of its normalized abacus. \Werk that all subset® C [n] \ {1} are
indeed the set of long runners for some fully commutativenelet.

For a fixedR, there is an infinite family of abadiA};>1, each having beads in positions+ r;
for r; € R, together with; additional beads that are placed sequentially in the longets in positions
larger thar2n. See Figurd for an example.

By Proposition2.1, the Coxeter length of the minimal length coset represeetat’ ¢ §n/5n having
AR asiits abacus ifﬁ(n—k)Jer:l(rj —34). In addition,u has base windoW:a - - - abb - - - b, where the
(n — k) numbers: are all at most:, and thek numbers are all at leash + 2. The finite permutations
w that can be applied to this standard window may not invertariyne larger numbers’€) without
creating a/321]-pattern withn + 1 in the window following the standard window. Similarly, reoof
thea’s can be inverted. All that remains is to interspersediend theb's, keeping track of how many
transpositions are used. This contributes exa[(;t]g to the Coxeter length, by Interpretatidrof [Z]q

Therefore, the generating function for the long fully contative elements af, by Coxeter length is

SOy 5 oo
k=1

¢iz1 Relu\1)
[RI=k

Taking the sum over and incorporating a factor @f * into the summation in the exponentgyields

S o g
-

k=1 T R
|R|=k
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Reindexing the entries; to be from1 to n — 1 instead of frone to n gives

ZH 1—gqnF 2 ),

RC[n—1]
IRI=k

which simplifies by InterpretatioB of the g-binomial coefficients to

n—1 n
> =
_ on—k’
P kq k ql q

Applying ldentity 2.3 proves the desired result. O

3.2. Short elements. The normalized abacus of every short fully commutative eleinhas a particular
structure. There must be a gap in positior- 1, and for runner < i < n, the lowest bead is either
in positioni or n + 4. In the following arguments, we will assign a statef, middle or right to each
runner, depending on the position of the lowest bead in tnater. Anr-entryis a bead lying in some
position > n. Letn + j be the position of the last-entry, or setj = n if there are nor-entries; an
M-entryis a lowest bead lying in positionwherej + 1 < i < n. Note that it is possible that there do
not exist anym-entries. Tha -entriesare the remaining lowest beads in positidor ¢ < j — 1. We will
call an abacus containing L-entries,M M-entries, and? R-entries an(L) (M )(R) abacus

The rationale for this assignment is that in the base windmfally commutative element, not of type
(n)(0)(0), neither theL-entries nor ther-entries can have a descent amongst themselves, respective
To see this, consider the contrary where trentries have a descent. These two entries, along with
then + 1 entry in the window following the standard window, forni321}-instance. Similarly, the last
R-entry in the window previous to the standard window togethki¢h two L-entries that have a descent
in the standard window would form[&21]-instance.

When the normalized abacus of a short fully commutative etgrhas na-entries (and therefore no
Mm-entries), the base window for its minimal length coset @spntative i§12---n|. That is, the fully
commutative elements &f, having this abacus are in one-to-one correspondence vliglichmmutative
elements of finiteS,,. These elements have been enumerated in The8rem

From now on, we only concern ourselves with)(M)(R) abaci whereR > 0. Proposition3.4
proves that it is solely the parametdrs M, and R which determine the set of finite permutations that
we can apply to the minimal length coset representative hahthe exact abacus. In Propositidh we
determine the cumulative contribution to the Coxeter Ieraftthe minimal length coset representative
fromall (L)(M)(R) abaci for a fixed_, M, andR.

Proposition 3.4. Letw!?, w9 € S,/S,, each corresponding to aft.)(M)(R) abacus for the samg,
M, and R with R > 0. For any finite permutatiom € S,,, ww! is fully commutative irs,, if and only
if ww) is fully commutative irb,,.

Proof. A minimal length coset representativé S, /S, corresponding to afLL)(M)(R) abacus with
R > 0 has a base window of the forfn; - - - Lz M1 - - - MRy - - - Rg], Where the_-entries are increasing
and all between andn — M — 1, them-entries are the numbers— M + 1,n — M +2,...,nin order,
and ther-entries are all increasing and lie betwees 2 and2n — M.

Then the relative order af (i) andw?{(j) is the same as the relative ordendj(i) andw$(;) for all
i andj. Moreover, this property is preserved as we multiply on #feby generatorsi € S,. Hence,
the result follows by Theorerp.3. O
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OOEOEO OOOLEO OOGOLE®
79 10@12 78@10@12 789@12

1(]1,3,4,6,8,11]) = 4 1([1,2,4,6,9,11)) =5 1(]1,2,3,6,10,11]) =6

FIGURE 2. The threg3)(1)(2) abaci and Coxeter length of their corresponding mini-
mal length coset representatives.

Proposition 3.5. Let L, M and R > 0 be fixed. Then, we have
Zq AR L+R-2
L-1 |,

where the sum on the left is over all minimal length cosetes@ntativesv having an(L)(M)(R)
abacus.

Proof. Every (L)(M)(R) abacus contains beads in all positions througdnd in positior2n — M as
well as gaps in position + 1 and all positions starting witbn — M + 1. Depending on the positions of
the L — 1 remaining gaps (an®& — 1 remaining beads), the Coxeter length of the minimal lengtet
representative changes as illustrated by example in FRjure

The minimal length coset representative correspondingnt@Za(M/)(R) abacus having beads in
positionsi for n + 2 < i < n + R together with a bead at positidm — M, and gaps in positions
forn+ R+1 <1< 2n— M — 1 has Coxeter lengtli. + R — 1. Notice that every time we move
a bead from one of the positions between- 2 and2n — M — 1 into a gap in the position directly
to its right, the Coxeter length increases by exactly oneesisence, we are intertwining one sequence
of length L — 1 and one sequence of length— 1 and keeping track of the number of inversions we
apply. Byg-binomial Interpretatiori, the contribution to the Coxeter length of the minimal lédngbset
representatives corresponding to ttig (M )(R) abaci isg“ -1 [LJL”_%IQ](]. O

For the remaining arguments, we ignore the exact entriekarbase window and simply fix both
some positive numbel of L-entries and some positive numherof R-entries, and then enumerate the
permutationsy € S, that we can apply to a minimal length coset representativevith base window
of the form[L ---LM --- MR - - - R]. In TheorenB.2, we sum the contributions over all possible values of
L andR.

3.2.1. Short elements with intertwiningOne possibility is that aftew € S, is applied to our minimal
length coset representative’ with base window of the fornfiL --- LM - - - MR - - - R], anRr-entry lies to
the left of anL-entry. In this case, we say that is intertwining the L-entries arentertwining with
the rR-entries, and that the interval between the leftnstnd the rightmost inclusive is called the
intertwining zone

Lemma 3.6. Fix L and R > 0. Then, we have
SI 1’ q an(w l(w) _

R-1L-1 M
M>0 p=0 A=0 1=0 K LA g M —p q
where the sum in the left term is over alle SOO that are intertwining and apply to a shofL)(M)(R)

abacus forsomé/, and@Q = A+ 1)(p+ 1)+ (p+ H)(M —p+1) — 1.
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L’'s andM’s intertwining zone Rr’s andm’s

—N—— —N— ——
[LM---LM RL---RL MR:--MR]

FIGURE 3. The structure of the base window of an intertwined shalg tommutative
element. The leftmogt and the rightmost are underlined.

L'sandM’s M descents may ocCUR's andM’s

[LM:--ML MM:--MM RM:---MR]

FIGURE 4. The structure of the base window of a non-intertwined tsfudly commu-
tative element. The rightmostand the leftmosk are underlined.

Proof. By Theorem?2.3, there are na-entries between the leftmostand the rightmost, because this
would create @321]-pattern. So thet-entries only occur before the leftmasaind after the rightmost.

Notice that any descent in the-entries before the leftmost would create g321]-pattern when
coupled with the rightmoat. Similarly, any descent in the-entries after the rightmostwould create
a[321]-pattern when coupled with the leftmast Therefore, thev-entries are allowed to have at most
one descent, which must occur betweenniientries on either side of the intertwining zone.

From this, we know that the structure ofw® is as follows. Some numbex + 1 of L-entries are
intertwining with some numbep + 1 of R-entries in the intertwining zone. The remainingentries
are intertwining with some number of M-entries on the left side of the intertwining zone, and the
remainingr-entries are intertwining witfiA/ — 1) M-entries on the right side of the intertwining zone.
This structure is illustrated in Figuie

The contribution to the Coxeter length generating funcfrom splitting theM -entries into two sets
of sizep and M — pu, and transposing as necessary in order to place the firsh¢bedeft and the right
set on the right |sﬁvf ]q by Interpretatioril.

Once these entries have been ordered in the minimal lengflgacation that conforms to the structure
shown in Figure8, we compute the Coxeter length off$gty counting the remaining inversions among
the entries in the base window. We havet-entries inverted witliA 4 1) L-entries, andp+ 1) R-entries
inverted with(M — p) M-entries. In addition, the leftmostis inverted withA L-entries not including
the rightmost, and the rightmost is inverted withp R-entries not including the leftmost Finally, the
leftmostR is inverted with the rightmost. These inversions contribut@ = (A + 1) + (M — u)(p +
1) + X + p + 1 to the Coxeter length.

Lastly, we can intertwine thel(— A — 1) L-entries andu M-entries to the left of the zone, the
L-entries ang» R-entries in the zone, and th&/( — ©) M-entries with the R — p — 1) rR-entries to the
right of the zone. This proves the formula. O

3.2.2. Short elements without intertwinindf the L-entries andk-entries are not intertwined, there may
bem-entries lying between the rightmastand the leftmosk. There can be no descents in theentries

to the left of the rightmost nor to the right of the leftmost by the same reasoning as above. However,
multiple descents may now occur among theentries. This structure is illustrated in Figute We
enumerate these short elements without intertwining byditimming on the number of descents that
occur among the1-entries.

Lemma 3.7. Fix L and R > 0. Then, we have

M
L—-1 M —
SO(%Q) = ngt(w)ql(w) — Z wL+M+Run[ —|—,u] [R_|_ #} |
w M>0 —0 2 q M —p .
2 7
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where the sum in the left term is over alle S, that are not intertwining, have no descents among the
M-entries, and apply to a shoftL ) (M )(R) abacus for somé/.

Proof. Let i be the number oM-entries lying to the left of the rightmost. Then, theu M-entries
can be intertwined with the remainiid — 1) L-entries, and the remainin@g/ — x) M-entries can be
intertwined with theR R-entries.

We compute the Coxeter length offset by counting the ineassamong the entries in the base window
in the minimal length configuration of this type. In this catbere are simply: M-entries that are inverted
with the rightmost.. Summing over all valid values ¢f gives the formula. O

Lemma 3.8. Fix L and R > 0. Then, we have

Z‘T ) glw) — Z$L+M+Rz<[ } >[L+M]q[RJJ\F4]\i[;ML’

M>0 H
where the sum in the left term is over all € S, that are not intertwining, have exactly one descent
among thev-entries, and apply to a shoft.)(M )(R) abacus for somé/.
Proof. Consider such permutations having a descent afithav-entry. The choices for the-entries
that are not the identity permutation are enumerate{iﬁﬂ){] — 1 by InterpretatioriL. Then, them-entries
to the left of the descent can be intertwined with thentries, and th&-entries to the right of the descent
can be intertwined with the-entries. Summing over all valid values pfives the formula. 0

Lemma 3.9. Fix L and R > 0. Then, we have
L+i] [R+j
_ n(w) l(w) _ L+R -
r,q) =Y a""g x Z[ ’ ] [ " ] d; j(x,q),
w i,5>1 q q
where the sum in the left term is over alle S, that are not intertwining, have at least two descents
among them-entries, and apply to a shoftL)(M)(R) abacus for somé\/. Here, d; ;(z,q) is the
coefficient ot:*s’ in the generating function that satisfies the functionalagigun
Ym0 IS 2 ([5], — 1) ((09) = (@9)™)  ags(D(x,q,2,1) — D(x, q, 2, q5))
(I —gs)(1 —as) (I —gs)(1 —as)

and whose solution is given explicitly below.

D(z,q,2,8) =

Proof. In this proof, we use the ideas of Barcucci et 8DLPP01], Bousquet-MélouBM96], and West
[Wes9(, to investigate the structure of the permutations retstti¢o them’s in the base window.
For such a finite permutation € S;;, we consider the following statistics:

n(w) is the size of the element (represented by variable

l(w) is the number of inversions (represented by variahple

i(w) is the number of entries to the left of the leftmost descespirgsented by variablg, and
j(w) is the number of entries to the right of the rightmost des@emtresented by variablg.

where we sum over all fully commutative permutatlons witheast two descents.

We require the auxiliary functioiV (z,q,z,s) = 3., 2% g w) ;1) si(w) where we sum over all
fully commutative permutations < S,, with at least two descents such that removing the largesf ent
from the one-line notation ab results in a permutation that has only one descent. Thepgiimeutations
counted byN (z, ¢, z, s) are generated from fully commutative permutatiafisvith exactly one descent
by inserting the entry:(w’) 4+ 1 into the one-line notation of” at some position to the right of the

Let
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existing descent, which creates the second descent. If wiesfigxisting descent to occur at entrghen
the fully commutative permutations with exactly one descemtribute [’Z‘]q —1to N(z,q,z,5). Letk
denote the number of entriesofto the right of the position where we insert entry- 1. As k& runs from
1ton — ¢ — 1, we have that: increases by, the Coxeter lengtl increases by:, there areg entries to
the left of the leftmost descent, akdentries to the right of the rightmost descent. Therefore,

e S (] ) S e S (] )
N(z,q,z,5) x -1z q"s* T -1 )
n>0 i=1 k=1 n>0i=1 1-gs
We remark that: divides N (x, ¢, z, s).

Next, we have

D(ac,q, z, S) l‘ ., 2, S + Z (Z n(w +1ql( )-l—kzi(w)sk) + xn(w)-i—lql(w)zi(w)sj(w)-l-l>

where the leftmost sum is over aII fully commutative perntiotes with at least two descents. This sum
counts such permutations which are obtained by insertitiy erfw) + 1 into the one-line notation of
an existing fully commutative permutatian having at least two descents, and such that) + 1 is
inserted into a position to the right of the rightmost desc&he rightmost term corresponds to inserting
into the rightmost position in the one-line notation, white sum fromkt = 1 to j(w) corresponds to
inserting into the remaining positions in the one-line tiotafrom right to left. This formula expresses
a recursive construction of the permutations we are cognkinown as the generating tree.

Hence,

D(z.q.2,5) = N(@,4,25) + 1= (D(@,4, 1) = D(2,,7,45)) +asD (@4, %),

and therefore,
N(z,q,z,8) rqs —xqs

1—uzs (1 —gs)(1—uxs) (1 —gs)(1—uxs)
This functional equation has exactly the same form as thisseissed inBM96]; applying their Lemma
2.3 proves that

D(z,q,2,s) = D(z,q,2,1) + D(z,q,z,qs).

E(z,q,2,s) + E(x,q,2,1)F(z,q,2,s8) — E(x,q,2,8)F(z,q,2,1)

D =
(1’,(],2,3) 1—F((L’,q,2, 1) ’
where
_ —sq" N(z,q,z,8q")/x
E N 59 ik =
(I’,q,Z,S) T;)x (1_q8)(1_w3) (1_qns)(1—an_18) 1 —zsq™
and
n+1 —54 . —5q" zq’s
x 54, %, S nz>:0$ 1 — s (1 — xs) (1 _ q”s)(l o xq"‘ls) (1 _ qn+18)(1 — ajSQn).

Condensing these formulas,

E(x,q,2,5) _SL'Z

n>0

7L+2)_1

ng("s) N(x,q,2 5q") (—sz)nq("

(45, @)n (25, Q)nt1 x

andF(z,q,z,8) = sx .
,; (a5, @)n+1(28, Ont1

The coefficient; ;(z, q) of z's? in D(x, g, z, s) enumerates the permutations applied tomtein the
base window of all sizes and lengths such that there are stttiwa descents and the leftmost descent
is afteri entries and the rightmost descent is befpentries. Intertwining the-entries with the first
M-entries and intertwining the-entries with the lasj m-entries gives the desired result. O
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4. NUMERICAL CONCLUSIONS

Theorem§.2 allows us to determine the length generating functfaty) for the fully commutative
elements of5,, asn varies. The first few polynomialg,(¢) are presented below.

fa(q) =1+3q+6q2+6q>+6q*+---

fi(q) = 1+ 4q + 10¢> + 16q3 + 18q* +16q° + 18q°® + - --

f5(q) = 1+ 5q + 15¢% + 30¢> + 45¢* + 50q°® + 50q°% + 50q” + 50q® + 50q° + - - -
fo(q) = 1+ 6q + 21¢> + 504> + 90¢* + 126¢° + 146¢5 4+ 150q" + 15695 + 152q°+

156q'% 4+ 150q'! + 158q'2 + 150q'3 + 156q'* + 152q1% + - - -

fr(q) = 14 7q + 28¢% + 77> + 161¢* 4 266¢° + 3644¢° + 427¢" + 462¢% + 483¢° + 490+
490q'! + 490q'2 + 490q'3 + 490q'4 + 490q'° + - --

fa(q) = 1+ 8¢ + 36¢> + 112¢° + 266¢* + 504¢° + 792¢° + 1064q¢7 + 1274¢% + 1416¢°+
1520¢'° + 1568¢'" + 1602¢'? + 1600q*2 + 1616q'* + 1600q'° + 1618q'6+
1600q'7 4+ 1616q'® + 1600q'° + 1618q2° + - - -

fo(q) = 1 +9q + 45¢> + 1564 + 414¢* + 882¢° + 1563¢5 4 23677 + 3159¢% + 3831¢"+
4365¢"0 + 4770¢" + 504642 + 5220¢"3 + 5319¢'* + 5370¢" + 5391¢'6 + 54007 +
5406q'8 4+ 5400q'° + 5400q2° + 5406q>' + 5400q%2 + 5400q23 + - - -

f10(q) = 14 10q + 55¢2 + 210¢> + 615¢* + 1452¢° + 2860¢° + 4820¢" + 7125¢% + 9470¢° +
1162240 + 13470¢"! + 15000¢*2 + 16160¢"3 4+ 17030¢'* + 17602¢'° + 18010¢'6+
182107 + 18380¢'® + 18410¢" + 18482¢*° 4 18450q3! + 1850032 + 1845023+
18500934 + 18452q2° + 18500q2¢ + 1845027 + 18500228 + 18450q2%+
18502¢3° + 18450¢3! + 18500¢32 + 18450¢33 + 18500q34 + 18452¢3% + - - -

f11(q) = 1 4 11q 4 66¢> + 275¢> + 880g¢™* + 2277¢° + 4928¢° + 9141¢" + 14850¢% + 21571¢"+
28633¢'0 + 35453¢'! + 41690¢'% 4 47135¢"3 + 51667¢'* + 55297¢'° + 58091¢'6+
60159¢'7 + 61622¢"® + 62623¢" + 63272¢%° + 63668¢>! + 63910¢>% + 64031¢%3+
64086¢* 4 64119¢°° + 6413026 + 6413027 + 6413028 + 641302° + - - -

f12(q) = 14 12q 4 78¢> + 352¢> + 1221¢" + 3432¢° + 80864° + 1635647 + 289744+
45772¢° + 65670¢'°0 + 87120 + 108690¢'? + 129288¢'3 + 148170¢'* + 164776¢°+
17898046 + 190680¢'7 + 200148¢'® + 20744449 + 213084¢%° 4 2170964¢>' +
220098422 4 22201243 4 223458¢%* 4 224172¢% + 224814¢% + 224992¢%7 +
22527648 + 225216¢%° + 225408¢°0 + 225264q3! + 22542032 + 225280g33+
225414q34 + 225264q3° + 225438q36 + 22526437 + 225414938 + 225280¢3° +
225420q40 + 225264q*! + 225432q*2 + 225264q*3 + 225420q** + 225280q*° +
225414q46 + 225264q*7 + 225438q*® + 225264q*° + 225414q°° + - --

One remarkable quality of these polynomials is their pécibd given by the bold-faced terms in each
series. This behavior is explained by the following comyllto Lemma3.3.

Corollary 4.1. The coefficients; of f,(q) = 3_, cgrc ¢'™) = 3,2 a:q’ are periodic with periog|n
for sufficiently largel. Whenn is prime, the period ig.

Proof. For a givenn, the number of short fully commutative elements is finite.e Tormula for long
elements in Lemm&.3is a polynomial divided byl — ¢". Hence, the coefficients of this generating
function satisfya;,, = a;, by a fundamental result on rational generating functions.

We have a factor ofl —¢") = (1 —¢)(1 + ¢+ - +¢"~") in the numerator on]q and whem is

prime, (14 ¢+ --- + ¢"~ ') isirreducible. Thereforg; | , contains a factor ofl +q + -+ + q" 1) for
everyk betweenl andn — 1. Factoring one copy out of the sum in the expression of LerBiBaand
canceling with the same factor in the denominatooi—ﬁg]fﬁ leaves a denominator ¢f — q). O
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51 82 83 S4 S5 S6

FIGURE 5. The heap diagram of the bi-Grassmannian permutationngitit-descent-
set decompositio3/3234/313335/323436/3335/34.

The distinction between long and short elements allows @ntonerate the fully-commutative ele-
ments efficiently. In some respects, this division is notri@st natural in that the periodicity of the
above polynomials begins before there exist no more shemanmts. Experimentally, it appears that the
periodicity begins at + | (n —1)/2| [(n — 1)/2|; whereas, we can prove that the longest short element
has lengtt2|n/2| [n/2].

Proposition 4.2. Letw € SEC be a short element. Théfw) < 2|n/2| [n/2]. In addition, there exists
aw € SEC with length2| n/2]| [n/2].

Proof. Let w € 550 be a short element. Then, by the parabolic decompositior; ww® where
w € SFY andw’ is a minimal length coset representative with an associdig¢d\/)(R) abacus.

First, we determine the values 6f M, andR that giveuw® §n/Sn of longest Coxeter length. For
afixed L, M, and R, Proposition2.1 implies that the longest Coxeter length of a minimal lengiket
representative having &) (M )(R) abacus occurs when there are gaps in positions throughn+ L,
beads in positions + L + 1 throughn + L + R and gaps in positions + L + R + 1 through2n. The
length of this minimal length coset representativé i3, which is maximized whed/ = 0 andL andR
are as close ta/2 as possible. Thereforéu) < |n/2|[n/2] and is exactly equal in the case where
w’ =[1,2,...,[n/2],n+ [n/2] +1,...,2n].

Next, from the chain conditionBB05, Proposition 3.1.2] on weak Bruhat order, it follows that th
Bruhat-maximal fully commutative elements $f are given by théi-Grassmanniampermutations that
by definition have a unique left descent and a unique rightetds

It follows from the parabolic decomposition that in any julommutative element, all of the gen-
erators in the right descent set of commute with each other. We define thght-descent-set de-
compositionof a fully commutative elemeni to be the expression ab as the reduced expression
w = D,,/---/D3/D2/D1, whereD; is the product of the generators in the right descent set, d-
is the product of the generators in the right descent setl®f, D5 is the product of the generators in
the right descent set afD,D+, and continuing in this fashion as far as possible. By caotitin, for all
1> 1,D,;,_1 N D; = () and each generator presentdnpmust not commute with some elementDin_;.
We can visualize this decomposition by way dfi@ap diagranthat is defined to be the subsetZﬁ0
in which we introduce a point in columnand rowm — j + 1 for each generatos; in factor D; of the
right-descent-set decomposition.

Whenw is bi-Grassmannian, the heap offorms a quadrilateral, as illustrated in Figuse The
Coxeter length of these elements is the number of latticetpan the quadrilateral, so is maximized
when the left and right descents occur as close/tdas possible. Hencéw) < |n/2]|[n/2].

Adding the bounds to obtailw) = I(w) + {(w®) < 2|n/2|[n/2] proves the result. In ad-
dition, the finite permutation to which a bi-Grassmanniammresponds is the permutatidh+ 1,7 +
2,...,n,1,2,...,14] for somei. Wheni = Ln/ZJ, this bi-Grassmannian applies directly to the above
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affine permutation to give the fully commutative affine petation [n+|n/2|+1,...,2n,1,2,..., [n/2]]
of length2|n/2|[n/2]. O

Corollary4.1and Propositiod.2 give another way to compute the polynomiggq), without invok-
ing TheorenB.2 Using a computer program, one needs simply to count thg-éainmutative elements

of S, of length up ton + 2|n/2| [n/2].

5. FURTHER QUESTIONS

In this work, we have studied the length generating functarthe fully commutative affine permu-
tations. It would be interesting to explore the ramificasiard the periodic structure of these elements
in terms of the affine Temperley—Lieb algebra. Also, all of mork should have natural extensions to
the other Coxeter groups. In fact, we know of no analogueB&fJPP0] enumerating the fully com-
mutative elements by length for finite types beyond typdt is a natural open problem to establish the
periodicity of the length generating functions for the oth#ine types. It would also be interesting to
determine the analogues for other types ofgtmnomial coefficients ang-Bessel functions that played
prominent roles in our enumerative formulas.

Finally, it remains an open problem to prove that the pecibgiof the length generating function
coefficients for fixed rank begins at lengtht | (n — 1)/2|[(n — 1)/2], as indicated by the data. By
examining the structure of the heap diagrams associatduettully commutative affine permutations,
we have discovered some plausible reasoning indicatisgitititer bound, but a proof remains elusive.
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